Graphs r e f e r r e d t o i n t h i s paper have a f i n i t e , non-zero number of v e r t i c e s and -no loops o r multiple edges. For such a graph G , G r e f e r s t o t h e complement of G, and L(G) t o t h e linegraph of G. For b r e v i t y , a graph on n v e r t i c e s w i l l be c a l l e d an ngraph.
INTRODUCTION
Graphs r e f e r r e d t o i n t h i s paper have a f i n i t e , non-zero number of v e r t i c e s and -no loops o r multiple edges. For such a graph G , G r e f e r s t o t h e complement of G, and L(G) t o t h e linegraph of G. For b r e v i t y , a graph on n v e r t i c e s w i l l be c a l l e d an ngraph. Suppose G i s an n-graph.
The adjacency matrix of G , a l s o denoted G , i s t h e n x n matrix whose ( i , j ) t h e n t r y is t h e number of edges from v e r t e x i t o v e r t e x j. The 
polynomial of G , denoted G(.\), is t h e c h a r a c t e r i s t i c polynomial of t h e adjacency matrix of G. An eigenvalue of G i s a r o o t of G(\).
The eigenvalues of G , t o g e t h e r with t h e i r m u l t i p l i c i t i e s , c o n s t i t u t e t h e spectrum of G. Two graphs which have t h e same polynomial, and hence the same spectrum a r e c a l l e d cospectral.
\
Other graph t h e o r e t i c concepts not defined here can be found i n Harary [9] o r i n Behzad and Chartrand [21. For any square matrix A , t h e t r a c e of A is denoted tr A. J w i l l always r e f e r t o a square matrix with each element one and I t o an i d e n t i t y matrix.
1'
The main purpose of t h i s paper i s t o give t h e preliminary r e s u l t s of a computat i o n a l study of t h e s p e c t r a of graphs. Previous s t u d i e s of t h i s kind have been made by C o l l a t z and Singowitz [4] (5 p o i n t graphs and 8 point t r e e s ) , King [13] (7 p o i n t graphs) and Mowshowitz [161 (10 p o i n t t r e e s ) . I n t h i s study, t h e polynomials of 9 point graphs, 9 p o i n t b i p a r t i t e graphs, 14 point t r e e s and 1 3 p o i n t f o r e s t s have been computed. Theoretical r e s u l t s which have been motivated by t h e numerical d a t a include s e v e r a l c h a r a c t e r i s a t i o n s of those c o s p e c t r a l graphs which have c o s p e c t r a l complements, and a proof t h a t t h e proportion of t r e e s of a given s i z e which a r e characterized by t h e i r s p e c t r a p l u s t h e s p e c t r a of t h e i r complements goes t o zero a s t h e s i z e increasesstrengthening a r e s u l t of Schwenk [20] .
Also considered a r e c o s p e c t r a l graphs'which have c o s p e c t r a l linegraphs, and graphs which a r e c o s p e c t r a l t o t h e i r own complements.
COSPECTRAL GRAPHS
I t has been known f o r some time [4] t h a t t h e polynomial of a graph does not always determine t h e graph uniquely. The smallest example of non-isomorphic c o s p e c t r a l In t h i s work t h e graphs with 8 o r 9 v e r t i c e s have been included. The source f o r t h e s e graphs was t h e tape d i s t r i b u t e d by Baker, Dewdney and S z i l a r d [l] . The polynomials of t h e 274,668 ninegraphs were computed i n about 50 minutes, using Danilevsky's method [31 programmed i n assembly-language on a CDC Cyber 73.
In Table 1 (Appendix), t h e following d a t a a r e given: I t i s seen t h a t about 18.6% of a l l t h e 9-graphs a r e not determined by t h e i r s p e c t r a and t h a t t h i s percentage appears t o be increasing with t h e number of v r t i c e s .
Unfortunately, t h e number of c o s p e c t r a l f a m i l i e s is too l a r g e f o r them t o be a l l e.
l i s t e d here. However those with 7 o r fewer v e r t i c e s a r e given i n Table 2 . Graphs i n t h e same row o f t h e Table a r e cospectral.
In Table 3 t h e extraordinary s e t of ten c o s p e c t r a l 9-graphs with 16 edges i s l i s t e d . The equally l a r g e s e t with 20 edges i s t h e s e t of complements -of these graphs.
COSPECTRAL GRAPHS WITH COSPECTRAL COMPLEMENTS
I n t h i s s e c t i o n we consider t h e question of those c o s p e c t r a l graphs whose complements a r e a l s o c o s p e c t r a l . The smallest of these a r e on 7 v e r t i c e s , and a r e i n d i c a t e d by a s t e r i s k s i n Table 2 . I n Table 6 tr AB = tr BA. Proof. Clearly G( X) = (J-G)( Xtl) , s o t h a t by 3 . 2 , E and H a r e c o s p e c t r a l iff
. . ,n-1. Expanding (J-G) and using Lemmas 3 . 3 and 3.4 we have
where Proof. If G and H a r e r e g u l a r of degree k , then from [5] we have
Let G l and G2 be two graphs. The join G l : G2 of G l and G2 is fomedJ^Ã'sakin t h e d i s j o i n t union o f G I and G2 and j o i n i n g each v e r t e x of G l t o each v e r t e x of G2. Proof. Our o r i g i n a l proof of t h i s theorem was made obsolete by t h e following -r e s u l t of Cvetkovic [5] , from which t h e r e s u l t i s immediate. 
Such graphs a r e obviously c o s p e c t r a l t o t h e i r own complements but it has been discovered, probably f o r t h e f i r s t time, t h a t t h e r e a r e non-self-complementary graphs
c o s p e c t r a l t o t h e i r own complements. The s m a l l e s t such graphs a r e shown i n Figure 3 .
Of course, t h e complements of t h e s e graphs have t h e same property.
FIGURE 3
A l i s t of a l l those graphs on 8 o r 9 v e r t i c e s which a r e c o s p e c t r a l t o t h e i r own complements i s given i n Table 5 . Those t h a t a r e a c t u a l l y self-complementary a r e i n d i c a t e d by an a s t e r i s k . Otherwise, t h e complement of t h e graph must be added t o t h e Table. A Figure 4 . Table 4 . Note t h a t t h e f o u r t h p a i r i s t h a t drawn i n Figure 4 
s i n d i c a t e d i n t h e t a b l e by b r a c k e t s , some c o s p e c t r a l f a m i l i e s occur amongst graphs i n t h i s c l a s s . A p a r t i c u l a r l y i n t e r e s t i n g family is t h a t drawn i n
number of v e r t i c e s . The only such f a m i l i e s on 9 o r fewer v e r t i c e s a r e t h e f o u r p a i r s of 9-graphs l i s t e d i n
From 3.2 t h e c o n d i t i o n s o f t h e theorem now become
The r e s u l t s now follow by expanding t h e second equation f o r t h e cases k = 1 , 2 and 3.// Table 4 providing a counter-example.
Unfortunately, t h e s e conditions do not ensure t h a t G and H have t h e same degree sequences, t h e t h i r d p a i r of graphs i n

COSPECTRAL BIPARTITE GRAPHS d p h G i s s a i d t o be b i p a r t i t e ( a l s o bicolorable) i f t h e v e r t i c e s of G can be divided i n t o two c l a s s e s i n such a way t h a t no edge o f G j o i n s two members of t h e same c l a s s . Such graphs a r e c h a r a c t e r i z e d by t h e i r spectrum, a s shown i n t h e followi n g theorem ([71, quoted i n c o r r e c t l y i n [Zl]).
Theorem 6 . 1 . Let G be a graph. Then
( a ) G i s b i p a r t i t e i f f t o every eigenvalue A of G there corresponds an i e i g e n v a k -\. of the sane m u l t i p l i c i t y . (Thus the polynomial of G has a l l odd or a l l even powers of A.) ( b ) I f G i s connected and r i s the largest positive eigenvalue of G, then G i s b i p a r t i t e i f f -r i s an eigenvalue of G./ The d i s t r i b u t i o n o f c o s p e c t r a l f a m i l i e s amongst t h e b i p a r t i t e graphs is given i n Table 1 0 , where b is t h e number o f b i p a r t i t e graphs with e edges. Since t h e a c t u a l values o f be seem t o have only been published a s f a r a s 6 v e r t i c e s [12], a l l values of
e where b # 0 a r e i n c l u d e d .
7.
COSPECTRAL TREES I n t h e c a s e o f t r e e s , t h e work o f t h e preceding s e c t i o n s has be e n e x t e n d e d through 1 4 v e r t i c e s . For t h i s purpose, t h e t r e e s themselves were machine g e n e r a t e d , u s i n g a method s i m i l a r t o t h a t d e s c r i b e d by Read L181.
The spectrum of a t r e e b e a r s t h e f o l l o w i n g simple r e l a t i o n s h i p t o t h e s t r u c t u r e o f t h e t r e e . A k-matching o f a t r e e T i s a s e t o f k mutually non-incident e'dges o f T. 
FIGURE 5 The d i s t r i b u t i o n of c o s p e c t r a l f a m i l i e s o f t r e e s from 8 through 1 4 v e r t i c e s i s
given i n Table 7 , where tn i s t h e number of t r e e s on n v e r t i c e s , and t h e o t h e r symbols a r e a s i n Table 1 . 
I t i s seen t h a t t h e p r o p o r t i o n o f t r e e s i d e n t i f i e d by t h e i r spec
TREES WITH A 1-FACTOR
A 1-factor o f a graph G i s a r e g u l a r spanning subgraph of G of degree one.
C l e a r l y a 1 -f a c t o r o f a t r e e on 2n v e r t i c e s corresponds t o a n n-matching.
From 7 . 1 t h o s e t r e e s w i t h a 1 -f a c t o r a r e j u s t t h o s e which have no zero eigenvalues.
The s m a l l e s t examples o f c o s p e c t r a l t r e e s i n t h i s c l a s s a r e t h e two p a i r s shown i n Figure 6 .
FIGURE 6
The frequency o f occurrence o f such f a m i l i e s i s given i n Table 8 . Let G be an arbitrary rooted graph. Let S and T be the rooted trees shorn i n Figure 7 .
As no enumeration o f t r e e s w i t h a 1 -f a c t o r i s known t o t h e a u t h o r s , a l l s i z e s from 2 through
FIGURE 7
Then G-S and G-T are not isomorphic ( i f G does not have an isolated root) but are cospectra l and 'have cospectral complements.
Proof. ( a )
Since G-S has P r o o t e d a t an end-vertex once more a s a limb than has G-T, it i s n o t isomorphic t o G -T .
T and S a r e isomorphic a s unrooted t r e e s , and T, and S, a r e isomorphic. So G-S and G-T a r e c o s p e c t r a l by Lemma 9.1. Let L i and L2 be rooted trees on the same number of vert-ices. Let p l ( n ) and p 2 ( n ) be respectively the number of (unrooted) trees on n vertices not contawing L~ or L2 as a limb. Then p i ( n ) = p2(n) for a l l n. ' n Proof. By 9.3, any t r e e which can be w r i t t e n a s R-S f o r some r o o t e d t r e e R is c o s p e c t r a l w i t h c o s p e c t r a l complements t o t h e ( d i f f e r e n t ) t r e e R-T, where S and T a r e a s i n 9.3.
Furthermore, i f t i s the number of trees on n vertices,
9.4, t h e proportion of a l l t r e e s which cannot be w r i t t e n i n t h i s form goes t o zero a s t h e s i z e increases.// Note 9.6. Theorem 9.3 can be generalized t o show t h a t f o r any rooted graphs G and H t h e t w o graphs shown schematically i n Figure 8 a r e c o s p e c t r a l and have cospectral complements. I n f a c t every p a i r o f t r e e s on 14 o r fewer v e r t i c e s which have t h i s property f a l l i n t o t h e c l a s s of graphs i l l u s t r a t e d . Table 9 . I t i s seen t h a t t h e proportion of f o r e s t s determined by t h e i r s p e c t r a drops more r a p i d l y with i n c r e a s i n g s i z e than it does f o r t r e e s . Extrapolation by hand suggests t h a t the f i g u r e may drop below 50% by 16 v e r t i c e s . APPENDIX I n o r d e r t o reduce space requirements, a compact notation f o r graphs w i l l be used. This i s b e s t i l l u s t r a t e d by an example. Take t h e eight-vertex graph shown i n Figure 11 , together with i t s adjacency matrix,
The lower t r i a n g l e o f t h e adjacency matrix, excluding t h e diagonal, i s w r i t t e n down row by row a s a b i n a r y i n t e g e r :
Zeros a r e added t o t h e right-hand end i f necessary t o make t h e number of d i g i t s up t o a m u l t i p l e o f t h r e e , and then t h e whole i s w r i t t e n a s an o c t a l i n t e g e r :
6 4 4 0 3 0 3 0 4 0 . This n o t a t i o n i s e s s e n t i a l l y the same a s t h a t employed by Baker, Dewdney and S z i l a r d E l ] .
The following t a b l e s have been computer generated and checked c a r e f u l l y . Where overlap occurs with o t h e r e x i s t i n g t a b l e s E l l ] , C131, C161, no discrepancies have been found. Recent computational work h a s extended t h e r e s u l t s o f Table 7 t o i n c l u d e t r e e s on up t o 1 8 v e r t i c e s . The extended v e r s i o n o f t h e t a b l e is p r e s e n t e d below.
EXTENDED TABLE 7. COSPECTRAL TREES I t i s i n t e r e s t i n g t o n o t e t h a t t h e p r o p o r t i o n c / t t e n d s t o b e l a r g e r f o r n n odd n t h a n f o r even n , and t h a t t h e l a s t few v a l u e s appear t o be dropping, d e s p i t e
